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(1) $((s, Z:q)= \sum\frac{q^{s\langle k1}+)}{[k+z]qS}k=0\infty$
$[a]_{q}= \frac{1-q^{a}}{1-q}$
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2 Hurwitz Zeta
q-Hurwitz Zeta . Hurwitz Zeta
(2) $\zeta(s, z)=\sum_{k=0}\frac{1}{(k+z)S}\infty$




(A) $((s, z)$ $s$ $s=1$ – 1.
(B)
(3) $\zeta(s, z)=-\frac{\Gamma(1-S)}{2\pi i}\int_{\infty}^{(0+)}\frac{(-t)^{S-}1e^{-}zt}{1-e^{-t}}dt$
(C) Hurwitz 1
$0<z\leq 1,$ $\Re_{S<}0$
(4) $((_{S,Z})=\Gamma(1-s)\{(2\pi i)^{s-}1\mathcal{L}1-S(z)+(-2\pi i)^{s}-1\mathcal{L}_{1}-S(1-Z)\}$ .
$\mathcal{L}_{s}(_{Z})=\sum_{=n1}\frac{e^{2\pi 1n}z}{n^{s}}\infty$ $(\Re s>1, z\in R)$ .
(4) Hurwitz $z=1$ Riemann Zeta
$\zeta(s)=2Ss-1\Gamma\pi(1-S)\sin(\frac{\pi s}{2})\zeta(1-S)$ .
Zeta (
[2] $)$ (D) ( )
(D) $s$





(6) $U( \alpha, \gamma:x)=\frac{1}{\Gamma(\alpha)}\int_{0}^{\infty}e^{-xu}u^{\alpha}-1(1+u)^{\gamma}-\alpha-1du$ .
[3]
(7) $U(\alpha, \gamma:x)\sim x-\alpha$ $(xarrow\infty)$
Kummer $F(\alpha, \gamma : x)$
$U(\alpha, \gamma:x)$ $=$ $\frac{\Gamma(1-\gamma)}{\Gamma(1+\alpha-\gamma)}F(\alpha,\gamma:X)$
$+$ $\frac{\Gamma(\gamma-1)}{\Gamma(\alpha)}e^{x}X^{1-\gamma}F(1-\alpha, 2-\gamma:-x)$
(8) $U(1,1-s:x)= \frac{1}{s}F(1,1-s:X)+\Gamma(-s)e^{x}x^{s}$
(7),(8) (5) $s\not\in \mathrm{z}_{>0}$
(D) Euler-MacLaurin
$\sum_{r=a}^{b-1}f(_{\Gamma)}=\int_{a}bf(t)dt + \sum_{k=1}^{n}\frac{B_{k}}{k!}\{f^{\mathrm{t}^{k}}-1)(b)-f^{\langle k}-1)(a)\}$
(9) $+$ $(-1)^{n-1} \int_{a}^{b}\frac{\overline{B}_{n}(l)}{n!}f^{\mathrm{t}}n)(t)dt$.
( $B_{k}(t)$ Bernoulli $B_{k}=B_{k}(0)$ Bernoulli $\overline{B}_{k}(t)=B_{k}(t-[t])$ )
$f(t)=(t+z)^{-s}$ , $a=0$ , $b=\infty$ , $n=2$
(C) Hurwitz (8) (5)
(E) Gamma





1 ‘ q-Hurwitz Zeta
(11) $\zeta(_{S,z}$ : $q)= \sum\frac{q^{S\langle+)}k1}{[k+z]qs}k=0\infty$ .
$0<q<1$ , $\Re z>0$ ( )
$\Re s>0$ $\Re s>1$
$\zeta(s, Z:q)arrow\zeta(s, z)$ $(qarrow 1-0)$
‘ q-Hurwitz Zeta Hurwitz Zeta
q- 1 q-Hurwitz Zeta
$(B)_{q}$ ,





$((s, z : q)=(q-q)2S \sum_{r=0}\frac{(s)_{r}}{r!}\infty\frac{q^{rz}}{1-q^{r+s}}$
$\Re z>0$
$s\neq-r+l\delta$ ( $r\in \mathrm{z}_{\geq 0}$ , $l\in \mathrm{Z}$ , $\delta=\frac{2\pi i}{\log q}$ )
$((s, z:q)$




(2) $(s)_{r}=s(S+1)\cdots(s+r-1),$ $(s)_{0}=1$ $s=0$
$((.\mathrm{s}, z:q)$ Laurant
(12) $\zeta(S, z:q)=\frac{\alpha_{-1}}{s}+\alpha_{0}+S\{\alpha_{1}-\log\prod_{k=1}(1-qz\infty)-1+k\}+o(_{S^{2}})$ ,
$\alpha_{-1}=-\frac{1}{\log q}$ , $\alpha_{0}=\frac{1}{2}-\frac{\log(q-q^{2})}{\log q}$
$\alpha_{1}=-\frac{1}{12}\log q+\frac{1}{2}\log(q-q^{2})-\frac{1}{2}\frac{\log^{2}(q-q^{2})}{\log q}$
( $\log^{2}x=(\log x)^{2}$ )(12) $s$ 1 q-Gamma
(13) $\Gamma(Z:q)=(1-q)1-zk=\prod_{0}\frac{1-q^{k+1}}{1-q^{k+z}}\infty$
( ) 2 (E) ‘ (12)
’
$\cdot\Gamma(z : q)$ Fredholm
”
$(D)_{q}$ Euler-Maclaurin
Euler-Maclaurin ( 2 (9) )
$f(t)= \frac{q^{(t+1})S}{(1-q^{\mathrm{f}+z})^{s}}$ , $a=0$ , $b=\infty$ , $n=2$
$\zeta(_{S,Z:q})=(q-q)2Sr=\sum_{0}f(_{\Gamma})$
Gauss
(14) $F( \alpha, \beta, \gamma : x)=\frac{\Gamma(\gamma)}{\Gamma(\beta)\Gamma(\gamma-\beta)}\int_{0}^{1}u^{\beta-1}(1-u)^{\gamma\beta 1}--(1-xu)^{-\alpha}du$ .
$\zeta(s, Z : q)$ $=$ $- \frac{(q-q^{2})^{s}}{s\log q}F(S, s, s+1 : q^{z})+\frac{1}{2}(\frac{q-q^{2}}{1-q^{z}})^{S}$
(15) $+$ $\frac{s(q-q^{2})^{s}}{2\pi i}\sum_{l\neq 0}\frac{1}{l(s+\delta l)}F(g+1, s+\delta l, S+1+\delta\iota : q)z$ .
$l$ $0$ $s\neq$




(16) $\zeta^{*}(S, z:q)=\zeta(s, z:q)+\frac{(q-q^{2})^{S}q^{-zS}}{\log q}\frac{\pi}{\sin\pi s}$ .
Theorem 1 $s\in \mathrm{Z}>0$
(17) $(^{*}(s, Z:q)arrow\zeta(s, z).$ $(qarrow 1)$
Theorem 2 $0<z\leq 1_{f}\Re_{S<}0$ $s$
(18) $\zeta^{*}(s, z : q)=-\frac{(q-q^{2})q^{-zk}}{\log q}\sum_{l\neq 0}\frac{\Gamma(1-S)\mathrm{r}(_{S+}\delta l)}{\Gamma(\delta l+1)}e^{-2\pi i\iota z}$ .
$l$ $0$
Gamma Stirling ((18) Gamma $larrow$
$\infty$ ) (18) 2
Ga,mma $qarrow 1-0$
{ (18) }\rightarrow {Hurwitz (4) } $(qarrow 1-0)$
1 2 Hurwitz q-
1 2
(19) $\frac{1}{s}F(s, s, S+1 : q^{z})^{-}=\frac{1}{1-s}(1-q^{z})1-s_{F(1,1},2-s:1-q)z+\frac{\pi}{\sin\pi s}q^{-}zS$
$\frac{s}{s+l\delta}F(_{S}+1, s+\iota\delta_{S+\delta},\iota+1, : q^{z})$
(20) $=(1-q^{z})-SF( \iota\delta, 1,1-s:1-q^{z})-\frac{\Gamma(1-S)\mathrm{r}(_{S+^{\iota}\delta)}}{\Gamma(l\delta)}q^{-}ezs-2\pi ilz$





Theorem 3 $\Re zarrow+\infty$




$(k-1)$ ( , cf. [4]) $Li_{2}(x)$ Euler
Dilogarithm
(22) $Li_{2}(x)=n1 \sum_{=}\frac{x^{n}}{n^{2}}\infty$
(21) $\mathrm{L}.\mathrm{D}$ .Fadeev [5] $\text{ }$ “Quantum Dilogarithm”
$(B)_{q}$
$\zeta(s, z : q)$ $\tau=1/\delta=\log q/2\pi i$
$\mathrm{T}1_{1}\mathrm{e}\mathrm{t}\mathrm{a}$ $\iota?(x|\tau)$ .
(23) $\theta(x)=\theta(x|\tau)=2q^{\frac{1}{8}}\sin\pi X\prod_{n=1}^{\infty}(1-q^{n})(1-2q\mathrm{c}n\mathrm{o}\mathrm{s}2\pi x+q^{2n})$
[61
(24) $\frac{1}{2\pi i}\frac{\theta’(0)\theta(_{X+y)}}{\theta(x)\theta(y)}=\sum_{l=-\infty}\frac{e^{-2\pi ily}}{1-q^{\iota_{e^{-}}2\pi i}x}\infty$
$x\not\in \mathrm{Z}+\mathrm{Z}\tau$ , $i\tau<^{\alpha}Sy<0$
Beta, [7]
Theorem $40<\Re z<1$
(25) $((s, z : q)= \frac{(q-q^{2})^{s\pi}ei_{S}}{4\pi\sin\pi s}\int_{c^{\frac{du}{u}(}}1-u)^{s_{\frac{1}{2\pi i}\frac{\theta’(0)\theta(-\tau s-\tau z+v)}{\theta(-\mathcal{T}S)\theta(-\tau s+v)}}}$
$e^{2\pi iv}=u$ $C$
$C\ni u\Rightarrow q^{\Re z}<|u|<q^{\Re}z-1$
$0$ 1
(25) 2 (3) $(((s, z)$ )
25
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